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1. Introduction
In [6] Streets and Tian introduced a modiﬁed Ricci ﬂow on complex manifolds called Hermitian curvature ﬂow. Their
idea is to construct a ﬂow using the Ricci tensor associated to the Chern connection ∇ instead of the Levi-Civita connection.
Since in the non-Kähler case the Chern connection has torsion, in the deﬁnition of Hermitian curvature ﬂow they introduced
a term Q depending on the torsion of ∇ . It turns out that Hermitian curvature ﬂow is the ﬂow associated to the Euler–
Lagrange equations of a functional F acting on the space of Hermitian metrics. In [6] Streets and Tian proved that the
Hermitian curvature ﬂow equation is strictly parabolic and they derived a short-time existence theorem for its solutions
(see Theorem 1.1 of [6]). Moreover they proved that Hermitian curvature ﬂow preserves the Kähler condition and provided
a stability theorem involving Kähler–Einstein metrics (see Proposition 5.2 and Theorem 1.2 of [6]).
The aim of this paper is to study the functional F where the ambient space is simply an almost complex manifold. More
precisely, let (M, J ) be a compact almost complex manifold and consider the functional
K (g) = Q − S
acting on the space of Hermitian metrics, where Q is a suitable quadratic polynomial in the torsion of the Chern connection
of g , Si j¯ = grk¯Ωi j¯rk¯ and Ω is the curvature of ∇ . Moreover, let k := gi j¯ Ki j¯ and
F(g) = Vol(M) 1−nn
∫
M
kdV ,
then we have the following
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710 L. Vezzoni / Differential Geometry and its Applications 29 (2011) 709–722Theorem 1.1. K is a non-linear elliptic operator and it is related to the differential of F by the formula
F∗[g](h) = Vol(M) 1−nn
∫
M
〈
h,−K + kg + 1− n
n
∫
M kdV
Vol(M)
g
〉
dV . (1)
Moreover, g is critical point of F if and only if k is a constant satisfying
K − k
n
g = 0.
Finally, if g is quasi-Kähler, then it is a critical point of F if and only if the scalar curvature of the Chern connection s = gi j¯ Si j¯ is
constant and the Kähler form of g solves the Hermitian–Einstein equation
ρ1,1 − s
n
ω = 0,
ρ1,1 being the (1,1)-part of the Ricci form ρ(X, Y ) := gi j¯Ω(X, Y , Zi¯, Z j).
The ﬁrst variation of F is computed in Section 6. A key tool to evaluate ∂tF(g(t)) are some variational formulas proved
in Section 5. Such equations generalize the evolution equations proved in the appendix of [6]. Since K is an elliptic operator,
then equation ∂t g = −K is strictly parabolic. We have the following
Corollary 1.2. The Hermitian curvature ﬂow
{
∂t g(t) = −K
(
g(t)
)
,
g(0) = g0
has unique solution for any initial data g0 .
The paper is organized as follows: in Section 2 we recall some basic deﬁnitions. In Section 3 we perform some compu-
tations involving the curvature of the Chern connection. In Section 4 we prove some integral formulae and in Section 5 we
provide the variational formulae. Finally, in Section 6 we prove the main results.
We remark that the arguments of the proofs are the same of [6].
Notation. In all the paper we assume the Einstein convention omitting the symbol of sum over repeated indexes.
2. Preliminaries
Let M be a 2n-dimensional smooth manifold. An almost complex structure on M is an endomorphism J of the tangent
bundle to M satisfying J2 = −I. The pair (M, J ) is called an almost complex manifold. An almost complex structure J is
called integrable if the associated Nijenhuis tensor
N(X, Y ) := [ J X, J Y ] − J [ J X, Y ] − J [X, J Y ] − [X, Y ]
vanishes everywhere on M . In view of the celebrated theorem of Newlander and Nirenberg an almost complex structure is
integrable if and only if it is induced by a holomorphic atlas (see [5]).
Any almost complex structure J induces a splitting of the complex tangent bundle TCM = TM ⊗C in
TCM = T 1,0M ⊕ T 0,1M;
where T 1,0x M = {v ∈ TxM ⊗ C: J x(v) = iv} and T 0,1M = T 1,0M . Furthermore, the vector bundle Λr(M) ⊗ C of complex
r-forms on M splits in
Λr(M) ⊗C=
⊕
u+v=r
Λu,v(M), (2)
and the de Rham operator d splits accordingly in d = N + ∂ + ∂¯ + N¯ . It is well known that J is integrable if and only if
N = 0.
A Riemannian metric g on an almost complex manifold (M, J ) is said to be J -Hermitian if J is an isometry with respect
to g . In this case the pair (g, J ) is called an almost Hermitian structure. Any almost Hermitian structures induces the non-
degenerate 2-form ω(·,·) := g(·, J ·). We will refer to ω as to the Kähler form of (g, J ). The Kähler form is related with the
volume form dV of g by the formula n!dV = ωn . If the Kähler form ω is ∂¯-closed, then the pair (g, J ) is called a quasi-Kähler
structure.
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Let (M, g, J ) be an almost Hermitian manifold. An aﬃne connection on M is called Hermitian if it preserves g and J .
We recall the following proposition (see e.g. [3]).
Proposition 3.1. There exists a unique Hermitian connection ∇ on (M, g, J ) whose torsion has vanishing (1,1)-part.
This connection was introduced by Ehresmann and Libermann in [4]. Since in the complex case ∇ coincides with the
connection used by Chern in [1], it is called the Chern connection (it is often also called the second canonical Hermitian
connection or the canonical connection).
Now we give a brief description of the torsion and the curvature of ∇ (for details see [7]). Fix a local (1,0)-frame {Zr}
on (M, g, J ). Since g is a Hermitian metric, its components satisfy
gij = gi¯ j¯ = 0, gi j¯ = g j¯i = g¯i¯ j.
Moreover, we can write
[Zi, Z j] = Bkij Zk + Bk¯i j Zk¯; [Zi, Z j¯] = Bki j¯ Zk + Bk¯i j¯ Zk¯.
Notice that J is integrable if and only if the Bk¯i j ’s vanish. Now, since ∇ preserves J , one has
∇i Z j = Γ ki j Zk; ∇i Z j¯ = Γ k¯i j¯ Zk¯;
where
Γ ki j = gkl¯ Zi(g jl¯) − gkl¯ g jr¯ Br¯il¯, Γ k¯i j¯ = Bk¯i j¯. (3)
Equation Γ k¯
i j¯
= Bk¯
i j¯
says that the torsion T of ∇ has no (1,1)-part. Then the only non-vanishing components of T are
T ki j = Γ ki j − Γ kji − Bkij, T k¯i j = −Bk¯i j .
This says that T splits in T = T ′ + T ′′ , where T ′ is a section of Λ2,0M ⊗ T 1,0M and T ′′ is a section of Λ2,0M ⊗ T 0,1M . Note
that T ′′ depends only on J and it can be regarded as the Nijenhuis tensor of J . Consequently J is integrable if and only if
T ′′ vanishes.
As in the complex case it is useful to introduce the (1,0)-form w whose components wi are
wi = T rir .
We denote by Ω the curvature of ∇ . Then Ω is a section of Λ2M ⊗ TM and, accordingly to (2), Ω splits in
Ω = H + R + H¯,
where R is a smooth section of Λ1,1(M) ⊗ Λ1,1(M) and H is a section Λ2,0(M) ⊗ Λ1,1(M). In terms of Zi ’s we have
Rr
i j¯k
= Zi
(
Γ r
j¯k
)− Z j¯(Γ rik)+ Γ lj¯kΓ ril − Γ likΓ rj¯l − Bli j¯Γ rlk − Bl¯i j¯Γ rl¯k; (4)
Hrijk = Zi
(
Γ rjk
)− Z j(Γ rik)+ Γ ljkΓ ril − Γ likΓ rjl − Bli jΓ rlk − Bl¯i jΓ rl¯k. (5)
Furthermore the Bianchi identities
SΩ(X, Y )Z =S(T (T (X, Y ), Z)+ ∇X T (Y , Z));
S∇XΩ(Y , Z) = −SΩ
(
T (X, Y ), Z
)
induce the following formulae involving T and R
Rl
i j¯k
= Rl
k j¯i
− T r¯ikT lr¯ j¯ + ∇ j¯ T lki; (6)
Hli jk = T r¯ji T k¯r¯l¯ + ∇l¯ T k¯ji; (7)
∇i Rlrs¯k = ∇r Rlis¯k + ∇s¯ Hlrik + Tmri Rlms¯k + T m¯ri Hlm¯s¯k; (8)
∇i¯ Hlrsk = ∇s Rlri¯k + ∇r Rli¯sk + T
q
rs R
l
qi¯k
+ T q¯rsHlq¯i¯k. (9)
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Let (M, g, J ) be a quasi-Kähler manifold. The quasi-Kähler condition is equivalent to require that the mixed derivatives
Di Zr¯ are of type (0,1), where D denotes the Levi-Civita connection. Moreover if g is a quasi-Kähler metric, then the Chern
connection is related with D by the formula
∇ = D − 1
2
J D J (10)
(see [3]). In particular the mixed derivatives ∇i Zr¯ satisfy ∇i Zr¯ = Di Zr¯ and the terms ∇i Zk satisfy g(∇i Zk, Zr¯) = g(Di Zk, Zr¯).
In the sequel it will be useful the following
Lemma 3.2. In the quasi-Kähler case T ′ vanishes.
Proof. Assume that (M, g, J ) is a quasi-Kähler manifold and let p ∈ M be a ﬁxed point. It follows from [2] that there exists
a local unitary frame {Zk} around p such that
∇Zk Zr = ∇ Z¯k Zr = 0 at p, [Zk, Zr]p ∈ T 0,1p M.
Using such a frame one readily gets T skr = 0 and hence the claim follows. 
3.2. Unitary frames
Since we are working with vector ﬁelds, given an almost Hermitian manifold (M, g, J ) we may perform our computations
using a (1,0)-frame {Zi} which is unitary with respect to g , i.e., gi j¯ = δi j . With respect to such a frame the Christoffel
symbols satisfy
Γ ki j = −Γ j¯ik¯ = −B
k¯
i j¯
(11)
and the components of the torsion can be written in terms of brackets as
T ki j = −B j¯ik¯ + Bi¯jk¯ − Bkij .
Consequently the components of w take the expression
wi = −Br¯ir¯ − Brir +
∑
r
Bi¯rr¯ .
3.3. Canonical 2-tensors associated to the torsion
Let (M, g, J ) be an almost Hermitian manifold. We introduce the following tensors associated to the torsion of the Chern
connection of g:
Q 1
i j¯
= Tikr¯ T j¯k¯r; Q 2i j¯ = Tkri Tk¯r¯ j¯;
Q 3
i j¯
= Tikk¯T j¯r¯r; Q 4i j¯ =
1
2
(Trkk¯Tr¯ j¯i + Tr¯k¯kTri j¯)
and
Q 5
i j¯
= Tikr T j¯k¯r¯; Q 6i j¯ = Tkri Tk¯r¯ j¯;
Q 7
i j¯
= TirkTr¯k¯ j¯; Q 8i j¯ =
∑
r,k
TirkT j¯k¯r¯,
where the components are deﬁned using an arbitrary unitary frame. The tensors Q 1, Q 2, Q 3, Q 4 are the same Q i ’s intro-
duced by Streets and Tian in [6], while Q 5, Q 6, Q 7, Q 8 depend on the Nijenhuis tensor of J . We have the following
Lemma 3.3. One has
tr Q 7 = − tr Q 8.
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tr
(
Q 7 + Q 8)= Tirk(Tr¯k¯i¯ + T i¯k¯r¯).
Let D be the Levi-Civita connection of g , then
Tr¯k¯i¯ = −g
([Zr¯, Zk¯], Zi¯)
= −g(Dr¯ Zk¯, Zi¯) + g(Dk¯ Zr¯, Zi¯)
= −g(Dr¯ Zk¯, Zi¯) − g(Dk¯ Zi¯, Zr¯)
= −g(Dr¯ Zk¯, Zi¯) − g
([Zk¯, Zi¯], Zr¯)− g(∇i¯ Zk¯, Zr¯)
= Tk¯i¯r¯ + g(Di¯ Zr¯ + Dr¯ Zi¯, Zk¯),
i.e.,
(Tr¯k¯i¯ + T i¯k¯r¯) = g(Di¯ Zr¯ + Dr¯ Zi¯, Zk¯).
This proves that the term Tr¯k¯i¯ + T i¯k¯r¯ is symmetric in i¯ and r¯. Since the Tirk ’s are skew-symmetric in i and r the claim
follows. 
Remark 3.4. Notice that (g, J ) is a quasi-Kähler structure; then Q 1 = Q 2 = Q 3 = Q 4 = 0.
As in the complex case the Chern curvature tensor R allows us to introduce the two Ricci tensors S and P
Si j¯ = gkl¯ Rkl¯i j¯, Pi j¯ = gkl¯ Ri j¯kl¯.
The following lemma is the almost complex analogue of Lemma 2.4 of [6] and gives a formula for P − S:
Lemma 3.5. The following formula holds
P − S = div∇ T ′ − ∇w + Q 7 + Q 8,
where
div∇ T ′
kl¯
= gi j¯∇ j¯ T ikl¯, ∇kwl¯ = gi j¯∇kTl¯ j¯i .
Proof. Taking into account identity (6), we have
Ri j¯kl¯ = Rk j¯il¯ − T r¯ikT lr¯ j¯ + ∇ j¯ Tkil¯
= R j¯kl¯i − T r¯ikT lr¯ j¯ + ∇ j¯ Tkil¯
= Rl¯k j¯i − T rj¯l¯ T i¯rk − T r¯ikT lr¯ j¯ + ∇ j¯ Tkil¯ + ∇kTl¯ j¯i .
Hence
Pkl¯ − Skl¯ = gi j¯
(
T r
j¯l¯
T i¯rk + T r¯ikT lr¯ j¯ + ∇ j¯ T ikl¯ − ∇kTl¯ j¯i
)
and the claim follows. 
As a direct consequence of Lemma 3.2 we have the following result
Corollary 3.6. Let (g, J ) be a quasi-Kähler structure; then
P − S = Q 7 + Q 8.
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In this section we collect some formulae involving the Chern connection. Let (M, g, J ) be a ﬁxed compact almost Her-
mitian manifold. The following lemma will allow us to integrate by parts.
Lemma 4.1. Let α be a (0,1)-form and let h(α) be the map locally deﬁned as
h(α) = (Zr(αr¯) − αr¯ Bsrs − αr¯ B s¯rs¯),
{Zr} being an arbitrary unitary frame. Then∫
M
h(α)dV = 0.
Proof. Let {Zr} be an arbitrary unitary frame and let {ζ r} be the associated coframe. Then ω with respect to {ζr} takes the
standard expression ω = iδrk¯ζ r ∧ ζ k¯ and we can write α = αr¯ζr¯ . Hence
∂α = (Zr(αs¯) − Bmrs¯αm¯)ζ r ∧ ζ s¯
and
dα ∧ωn−1 = ∂α ∧ωn−1 = c(−Zr(αr¯) + Bmrr¯αm¯)ωn
for a suitable constant c.
Moreover
α ∧ dωn−1 = α ∧ ∂ωn−1 = cα ∧ ∂ω ∧ωn−2
= c(αi¯ B i¯rr¯ − αr¯ Biri − αr¯ B i¯ri¯
)
ωn.
Now we apply the Stokes Theorem and we get
0 =
∫
M
d
(
α ∧ωn−1)= c
∫
M
dα ∧ωn−1 − α ∧ dωn−1
= c
∫
M
(−Zr(αr¯) + αr¯ Biri + αr¯ B i¯ri¯
)
ωn
which implies the statement. 
The following two lemmas are the almost complex analogues of Lemmas 10.10 and 10.11 of [6].
Lemma 4.2. Given φ ∈ C∞(M,C) and a (1,0)-form α we have∫
M
〈∇φ,α〉dV =
∫
M
φ
[−div∇ α − 〈w,α〉]dV ,
where
div∇ α = gi j¯∇iα j¯ = gi j¯
(
Zi(α j¯) − Γ r¯i j¯αr¯
)
.
Proof. Taking into account Lemma 4.1 and working with a unitary frame we have∫
M
〈∇φ,α〉dV =
∫
M
Zi(φ)αi¯ dV
= −
∫
M
φZi(αi¯)dV +
∫
M
φ
(
αi¯ B
r
ir + αi¯ Br¯ir¯
)
dV
= −
∫
φZi(αi¯)dV +
∫
Bi¯rr¯αi¯ dV −
∫
〈w,α〉dV
M M M
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∫
M
φZi(αi¯)dV +
∫
M
Γ i¯rr¯αi¯ dV −
∫
M
〈w,α〉dV
=
∫
M
φ
(−div(α) − 〈w,α〉)dV . 
Lemma 4.3. Given φ ∈ C∞(M,C) we have
∫
M
φ dV =
∫
M
φ
(
div∇ w + |w|2)dV
where
φ = gi j¯∇i∇ j¯φ = gi j¯∇ j¯∇iφ.
Proof. We directly compute
∫
M
φ dV =
∫
M
Zi¯ Zi(φ) − Γ ri¯i Zr(φ)dV
= −
∫
M
Zr(φ)Γ
r
i¯i
− Zi¯(φ)Br¯i¯r¯ − Zi¯(φ)Bri¯r dV
= −
∫
M
Zr(φ)B
r
i¯i
+ Zi¯(φ)Br¯i¯r¯ + Zi¯(φ)Bri¯r dV
= −
∫
M
〈∇φ,w〉dV
=
∫
M
φ
(
div∇ w + |w|2)dV . 
5. Variational formulae
In this section we generalize the variational formulae proved in the appendix of [6] to the almost complex case. Let
(M, J ) be a compact almost complex manifold and let g(t) be a smooth family of metric on M compatible with J . We
denote by ∂t the derivative with respect to t and by h = ∂t g the variation of g .
Lemma 5.1. One has
∂tΓ
l
ik = glm¯∇ihkm¯; ∂tΓ l¯ik = 0.
Proof. Performing the derivative in t = t0 and using a frame which is unitary with respect to g(t0) we have
∂tΓ
l
ik = ∂t
(
glm¯ Zi(gkm¯) − glm¯Br¯im¯ gkr¯
)
= Zi(hkl¯) + hlm¯Bk¯im¯ − Bm¯il¯ hkm¯
= Zi(hkl¯) − Γ mik hml¯ − Γ m¯il¯ hkm¯
= ∇ihkl¯
which proves the ﬁrst formula. The second formula is obvious since the Γ l¯ik ’s do not depend on t . 
Now we study the evolution of the Chern curvature
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∂t R
r
i j¯k
= −gmr¯∇ j¯∇ihkm¯;
∂t H
r
i jk = grm¯
(∇i∇ jhkm¯ − ∇ j∇ihkm¯ + T li j∇lhkm¯);
∂t Ri j¯kr¯ = Rsi j¯khsr¯ − ∇ j¯∇ihkr¯;
∂t Hijkr¯ = Hsijkhsr¯ + ∇i∇ jhkr¯ − ∇ j∇ihkr¯ + T li j∇lhkr¯ .
Proof. We derive in t = t0 and we ﬁx again a (1,0)-frame which is unitary with respect to g(t0). Then taking into account
Lemma 5.1, we have
∂t R
r
i j¯k
= ∂t
(
Zi
(
Γ r
j¯k
)− Z j¯(Γ rik)+ Γ lj¯kΓ ril − Γ likΓ rj¯l − Bli j¯Γ rlk − Bl¯i j¯Γ rl¯k
)
= −Z j¯
(
∂tΓ
r
ik
)+ Γ l
j¯k
∂tΓ
r
il − Γ rj¯l∂tΓ lik − Bli j¯∂tΓ rlk
= −Z j¯(∇ihkr¯) + Γ lj¯k∇ihlr¯ − Γ rj¯l∇ihkl − Bli j¯∇lhkr¯
= −Z j¯(∇ihkr¯) + Γ lj¯k∇ihlr¯ + Γ l¯j¯r¯∇ihkl¯ + Γ lj¯i∇lhkr¯
= −∇ j¯∇ihkr¯ .
This gives the ﬁrst formula. To prove the second identity we perform a similar computation
∂t H
r
i jk = ∂t
(
Zi
(
Γ rjk
)− Z j(Γ rik)+ Γ ljkΓ ril − Γ likΓ rjl − Bli jΓ rlk − Bl¯i jΓ rl¯k
)
= Zi
(
∂tΓ
r
jk
)− Z j(∂tΓ rik)+ ∂t(Γ ljk)Γ ril + Γ ljk∂t(Γ ril )− ∂t(Γ lik)Γ rjl
− Γ lik∂t
(
Γ rjl
)− Bli j∂t(Γ rlk)− Bl¯i j∂t(Γ rl¯k
)
= Zi(∇ jhkr¯) − Z j(∇ihkr¯) + ∇ jhkl¯Γ ril + Γ ljk∇ihlr¯ − ∇ihkl¯Γ rjl
− Γ lik∇ jhlr¯ − Bli j∇lhkr¯
= Zi(∇ jhkr¯) − Z j(∇ihkr¯) − ∇ jhkl¯Γ l¯ir¯ + Γ ljk∇ihlr¯ − ∇ihkl¯Γ rjl
− Γ lik∇ jhlr¯ − Γ li j∇lhkr¯ + Γ li j∇lhkr¯ + T li j∇lhkr¯
= ∇i∇ jhkr¯ − ∇ j∇ihkr¯ + T li j∇lhkr¯ .
The third and the forth equations follow easily. 
Lemma 5.3. Let s = s(t) be the scalar curvature of the Chern connection. Then
∂t s = − trh −
〈
h, S + div∇ T ′ − ∇w + Q 7 + Q 8〉.
Proof. Fixing a (1,0)-frame which is unitary with respect to g(t0) and taking into account Lemma 5.2, we get
∂t s = ∂t gkl¯ Skl¯
= −hkl¯ Skl¯ + ∂t gi j¯ Ri j¯ll¯
= −hkl¯ Skl¯ − hi j¯ Ri j¯ll¯ + ∂t Rii¯ll¯
= −hkl¯ Skl¯ − hi j¯ Ri j¯ll¯ + hls¯ Rii¯ls¯ − ∇i¯∇ihll¯
= −hkl¯ Rii¯kl¯ − hi j¯ Ri j¯ll¯ + hsl¯ Rii¯ls¯ − ∇i¯∇ihll¯
= − trh − 〈h, P 〉.
Then Lemma 3.5 implies
∂t s = − trh −
〈
h, S + div∇ T ′ − ∇w + Q 7 + Q 8〉
as required. 
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∂t
∫
M
sdV =
∫
M
(−〈h, S + div∇ T ′ − ∇w + Q 7 + Q 8〉+ trh(s − div∇ w − |w|2))dV .
Proof. From Lemma 5.3 we have
∂t
∫
M
sdV =
∫
M
(−〈h, S + div∇ T ′ − ∇w + Q 7 + Q 8〉−  trh + s trh)dV .
Furthermore Lemma 4.3 implies∫
M
− trhdV =
∫
M
trh
(−div∇ w − |w|2)dV
and the claim follows. 
Lemma 5.5. The following variational formulae involving the torsion hold
∂t T i jk¯ = ∇ih jk¯ − ∇ jhik¯ + Tmij hmk¯;
∂t T i jk = T l¯i jhkl¯;
∂t w = ∇ trh − div∇ h.
Proof. We compute directly with respect to a g(t0)-unitary frame {Zi}. One has
∂t T i jk¯ = ∂t
(−Br¯ik g jr¯ + Br¯jk¯ gir¯ − Bri j grk¯
)
= −Br¯
ik¯
h jr¯ + Br¯jk¯hir¯ − Bri jhrk¯
= Γ ri jhrk¯ − Γ ri jhrk¯ + Γ rjihrk¯ − Γ rjihrk¯ − Γ r¯ikh jr¯ + Γ r¯jk¯hir¯ − Bri jhrk¯
= ∇ih jk¯ − ∇ jhik¯ + Tmij hmk¯.
This gives the ﬁrst formula. For the second identity we see
∂t T i jk = ∂t
(
Bl¯i j gkl¯
)= Bl¯i jhkl¯ = T l¯i jhkl¯.
Finally
∂t wi = ∂t g jk¯T i jk¯
= −h jk¯T i jk¯ +
(∇ihkk¯ − ∇khik¯ + T rikhrk¯)
= ∇i trh − div∇ hi . 
Lemma 5.6.We have
∂t
∣∣T ′∣∣2 = 〈h,−2Q 1 + Q 2〉+ 4〈∇h, T ′〉,
where
〈∇h, T ′〉= 1
2
gi j¯ gkl¯ gmn¯(∇ihkn¯T j¯l¯m + Tikn¯∇ j¯hl¯m).
Proof. We compute directly using a g(t0)-unitary frame.
∂t
∣∣T ′∣∣2 = ∂t(gi p¯ g jq¯ gk¯r T i jk¯ T p¯q¯r)
= −hi p¯ T i jk¯ T p¯ j¯k − h jq¯T i jk¯ T i¯q¯k − hk¯r T i jk¯ T i¯ j¯r
(∇ih jk¯ − ∇ jhik¯ + Tmij hmk¯)T i¯ j¯k
+ (∇i¯h j¯k − ∇ j¯hi¯k + T s¯i¯ j¯hks¯
)
Tijk¯
= −hi p¯ T ¯ T ¯ − h jq¯T ¯ T¯ − hk¯r T ¯ T¯ ¯ +
(∇ih ¯ − ∇ jh ¯ + Tmh ¯)T¯ ¯i jk p¯ jk i jk iq¯k i jk i jr jk ik i j mk i jk
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)
Tijk¯
= −hri¯ T i jk¯ Tr¯ j¯k − hr j¯ T i jk¯ T i¯r¯k − hkr¯ T i jk¯ T i¯ j¯r(∇ih jk¯ − ∇ jhik¯ + Tijr¯hrk¯)T i¯ j¯k
+ (∇i¯h j¯k − ∇ j¯hi¯k + T i¯ j¯rhkr¯)Tijk¯
= 〈h,−2Q 1 + Q 2〉+ 4〈∇h, T ′〉,
i.e.,
∂t
∣∣T ′∣∣2 = 〈h,−2Q 1 + Q 2〉+ 4〈∇h, T ′〉
as required. 
Lemma 5.7. One has
∂t |w|2 = −
〈
h, Q 3
〉+ 2〈∇ trh − div∇ h,w〉.
Proof. With respect to a g(t0)-unitary frame we have
∂t
(
gi j¯ gmk¯ grs¯T imk¯T j¯s¯r
)= (−hi j¯ T imm¯T j¯s¯s − hrk¯T irk¯T i¯m¯m − hrs¯T imm¯T i¯s¯r
+ (∇ihmm¯ − ∇mhim¯ + T pimhpm¯)T j¯r¯r + (∇ j¯hr¯r − ∇r¯hi¯r + T q¯j¯r¯hq¯r
)
Timm¯
)
= −〈h, Q 3〉+ 2〈∇ trh − div∇ h,w〉
as required. 
Now we study the evolution of T ′′ .
Lemma 5.8.We have
∂t
∣∣T ′′∣∣2 = 〈h,−2Q 5 + Q 6〉.
Proof. We compute directly using a g(t0)-unitary frame.
∂t
∣∣T ′′∣∣2 = ∂t(gi p¯ g jq¯ gkr¯ T i jkT p¯q¯r¯)
= −hi p¯ T i jkT p¯ j¯k¯ − h jq¯T i jkT i¯q¯k¯ − hkr¯ T i jkT i¯ j¯r¯ + T l¯i jhkl¯T i¯ j¯k¯ + T li¯ j¯hk¯l T i jk
= 〈h,−2Q 5 + Q 6〉,
as required. 
Now we have to study the variation of tr Q 7, tr Q 8.
Lemma 5.9. The following formulae hold
∂t tr Q
7 = −∂t tr Q 8 =
〈
h, Q 8
〉
.
Proof. We perform two direct computations using a unitary frame. We have
∂t tr Q
7 = ∂t
(
gi p¯ g jq¯ gkr¯ T i jkTq¯r¯ p¯
)
= −hi p¯ T i jkT j¯k¯ p¯ − h jq¯T i jkTq¯k¯i¯ − hkr¯ T i jkT j¯r¯ i¯ + hlk¯T i jl T j¯k¯i¯ + hil¯T i jkT j¯k¯l¯
= h jq¯T jikTq¯k¯i¯
= 〈h, Q 8〉
and
∂t tr Q
8 = ∂t
(
gi p¯ g jq¯ gkr¯ T i jkT p¯r¯q¯
)
= −hi p¯ T i jkT p¯k¯ j¯ − h jq¯T i jkT i¯k¯q¯ − hkr¯ T i jkT i¯r¯ j¯ + hlk¯T i jl T i¯k¯ j¯ + h jl¯T i¯k¯l¯ T i jk
= −hi p¯ T i jkT p¯k¯ j¯
= −〈h, Q 8〉,
as required. 
L. Vezzoni / Differential Geometry and its Applications 29 (2011) 709–722 719Remark 5.10. Note that the last lemma readily implies Lemma 3.3.
Now we study the behavior of
∫
M |T ′|2 dV and
∫
M |w|2 dV .
Lemma 5.11.We have
∂t
∫
M
∣∣T ′∣∣2 dV =
∫
M
[〈
h,−2Q 1 + Q 2 − 4Q 4 − 4div∇ T ′〉+ (trh)∣∣T ′∣∣2]dV .
Proof. We directly compute using Lemma 5.6
∂t
∫
M
∣∣T ′∣∣2 dV =
∫
M
[〈
h,−2Q 1 + Q 2〉+ 4〈∇h, T ′〉+ (trh)∣∣T ′∣∣2]dV .
By deﬁnition we have∫
M
〈∇h, T ′〉dV = 1
2
∫
M
gi j¯ gkl¯ gmn¯(∇ihkn¯T j¯l¯m + Tikn¯∇ j¯hl¯m).
Moreover integrating by parts we obtain∫
M
∇ih jk¯T i¯ j¯k dV =
∫
M
(
Zi(h jk¯) − Γ si jhsk¯ − Γ s¯ik¯h js¯
)
T i¯ j¯k dV
=
∫
M
h jk¯
(−Zi(T i¯ j¯k) + T i¯ j¯k Brir + T i¯ j¯k Br¯ir¯)− (Γ si jhsk¯ + Γ s¯ik¯h js¯
)
T i¯ j¯k dV
=
∫
M
h jk¯
(−Zi(T i¯ j¯k) + T i¯ j¯k Brir + T i¯ j¯k Br¯ir¯ − Γ jis T i¯s¯k − Γ k¯ir¯ T i¯ j¯r)dV
=
∫
M
h jk¯
(−Zi(T i¯ j¯k) + T i¯ j¯k Brir + T i¯ j¯k Br¯ir¯ + Γ s¯i j T i¯s¯k + Γ rikT i¯ j¯r)dV
=
∫
M
h jk¯
(−∇i T i¯ j¯k − Γ i¯rr¯ T i¯ j¯k + T i¯ j¯k Brir + T i¯ j¯k Br¯ir¯)dV
=
∫
M
h jk¯
(−∇i T i¯ j¯k + Γ rri T i¯ j¯k + T i¯ j¯k Brir − T i¯ j¯kΓ rir)dV
=
∫
M
h jk¯
(−∇i T i¯ j¯k + T r¯ri T i¯ j¯k)dV .
In the same way we get∫
M
∇i¯h j¯kT i jk¯ dV =
∫
M
h j¯k
(−∇i¯ T i jk¯ + T rr¯i¯ T i jk¯
)
dV .
So ∫
M
〈∇h, T ′〉dV = 1
2
[
h jk¯
(−∇i T i¯ j¯k + T r¯ri T i¯ j¯k)+ h j¯k(−∇i¯ T i jk¯ + T rr¯i¯ T i jk¯
)]
dV
=
∫
M
〈
h,−div∇ T ′ − Q 4
〉
dV . 
Lemma 5.12.We have
∂t
∫
M
|w|2 dV =
∫
M
[〈
h, Q 3 + 2∇w〉+ trh(−2div∇ w − |w|2)]dV .
720 L. Vezzoni / Differential Geometry and its Applications 29 (2011) 709–722Proof. Taking into account Lemmas 5.7 and 4.2 we get
∂t
∫
M
|w|2 dV =
∫
M
[〈
h,−Q 3〉+ 2〈∇ trh − div∇ h,w〉+ (trh)|w|2]dV
=
∫
M
[〈
h,−Q 3〉+ 2 trh[−div∇ w − |w|2]
+ 2〈h,∇w + Q 3〉+ (trh)|w|2]dV . 
6. Proof of the main result
Let (M, J ) be an almost complex manifold and consider the operator
K (g) := (Q − S)(g),
where Q = 12 Q 1 − 14 Q 2 − 12 Q 3 + Q 4 − Q 7 − Q 8.
Proposition 6.1. K is a non-linear second order elliptic operator.
Proof. Since Q (g) involves only the ﬁrst derivatives of g , the principal part of K is encoded by S . Now, ﬁxing an arbitrary
(1,0)-frame {Zi} and taking into account that the mixed derivatives ∇i Zr¯ do not depend on g we have
Si j¯ = grs¯ Rrs¯i j¯ = grs¯ g(∇r∇s¯ Zi, Z j¯) − grs¯ g(∇s¯∇r Zi, Z j¯) +O(∂ g)
= grs¯ Zr g(∇s¯ Zi, Z j¯) − grs¯ Z s¯ g(∇r Zi, Z j¯) +O(∂ g)
= −grs¯ Z s¯ Zr gi j¯ +O(∂ g)
which implies the statement. 
Now we are able to prove Corollary 1.2.
Proof of Corollary 1.2. Since the operator g → K (g) is elliptic, the standard theory of parabolic equations implies that the
ﬂow {
∂t g(t) = −K
(
g(t)
)
,
g(0) = g0
has a unique solution for t suﬃcient small. 
Remark 6.2. Notice that the previous remark can be restated considering instead of K an operator K˜ = Q˜ − S∇˜ deﬁned with
the following data
• ∇˜ is a Hermitian connection having the properties that the mixed derivatives ∇˜i Z j¯ do not depend on the metric;
• S∇˜
i j¯
= gkl¯Ω˜∇˜
kl¯i j¯
, where Ω is the curvature of ∇˜;
• Q˜ is an arbitrary (1,1)-symmetric obtained from bilinear expression involving the torsion of ∇˜ .
Remark 6.3. Notice that by Corollary 3.6 in the quasi-Kähler case K reduces to
K = −P .
Using the deﬁnition of Q i ’s and Lemma 3.3, one has
k := trg K = s − 1
4
∣∣T ′∣∣2 − 1
2
|w|2.
Then we consider
F(g) = Vol(M) 1−nn
∫
M
(
s − 1
4
∣∣T ′∣∣2 − 1
2
|w|2
)
dV
= Vol(M) 1−nn
∫
M
kdV .
The variational formulae described in the previous section allows us to compute the ﬁrst variation of F.
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∂tF(g) = Vol(M) 1−nn
∫
M
〈
h,−K + kg + 1− n
n
∫
M kdV
Vol(M)
g
〉
dV . (12)
Proof. Taking into account the variational formulae proved in the last section, we get
∂t
∫
M
kdV = ∂t
∫
M
(
s − 1
4
∣∣T ′∣∣2 − 1
2
|w|2
)
dV
=
∫
M
[
〈h,−S + Q 〉 + trh
(
s − 1
4
∣∣T ′∣∣2 − 1
2
|w|2
)]
dV
=
∫
M
〈h,−K + kg〉dV .
Moreover
∂t
(∫
M
dV
) 1−n
n
= 1− n
n
(∫
M
dV
) 1−n
n
(∫
M
dV
)−1 ∫
M
trhdV
= Vol(M) 1−nn
∫
M
〈
h,
1− n
n
1
Vol(M)
g
〉
dV .
Combining these two calculations we have the result. 
The following result generalizes Proposition 3.3 of [6].
Theorem 6.5. A metric g is a critical point of F if and only if k is constant and
K − k
n
g = 0. (13)
Proof. Let g be a static metric. Putting h = −K + 1nkg in (12) we get
0 =
∫
M
〈
−K + 1
n
kg,−K + kg − n − 1
n
∫
M kdV
Vol(M)
g
〉
dV
=
∫
M
∣∣∣∣−K + 1nkg
∣∣∣∣
2
dV −
〈
K − 1
n
kg,
n − 1
n
(
k +
∫
M kdV
Vol(M)
)
g
〉
.
Moreover〈
K − 1
n
kg,
n − 1
n
(
k +
∫
M kdV
Vol(M)
)
g
〉
= n − 1
n
(
k +
∫
M kdV
Vol(M)
)(
〈K , g〉 − k1
n
|g|2
)
= n − 1
n
(
k +
∫
M kdV
Vol(M)
)
(k − k) = 0
and consequently we obtain
∫
M
∣∣∣∣−K + 1nkg
∣∣∣∣
2
dV = 0.
Hence g solves the equation
K − 1
n
kg = 0.
Furthermore, let h = −(Dk)g where D is the Laplacian operator with respect to the Levi-Civita connection of g . Then
putting h in (12), we get
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∫
M
(Dk)kdV =
∫
M
|dk|2 dV ,
and k is constant. On the other hand, let g be a metric having the associated k constant and solving Eq. (13), then
F∗[g](h) =
∫
M
〈
h,−K + kg − n − 1
n
∫
M kdV
Vol(M)
g
〉
dV
=
∫
M
〈
h,−1
n
kg + kg − n − 1
n
kg
〉
dV = 0. 
Corollary 6.6. A quasi-Kähler g metric on a compact almost complex manifold is static if and only if s is a constant and g satisﬁes the
Hermitian–Einstein condition
P − s
n
g = 0.
Proof. If g is a quasi-Kähler metric, then K = −P and k = s. Hence if g is a quasi-Kähler static metric, then s is a constant
and g solves the Hermitian–Einstein equation
P − s
n
g = 0. 
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